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The strongly implicit procedure of Stone is used to obtain numerical solutions of the compressible Navier-
Stokes equations in conservative form. In contrast to the spatially split Douglas-Gunn type methods, the
method is shown to be numerically stable for the three-dimensional wave equation. The method is applied to a
variety of external and internal two-dimensional flow problems involving shock wave/boundary-layer inter-
action for both laminar and turbulent flows. The results are in good agreement with other methods and/or

experiments.

Introduction

HE desire to simulate flows over complex and realistic

configurations for a wide range of Mach numbers re-
quires algorithms for the solution of the compressible, three-
dimensional Navier-Stokes equations that are both stable
and efficient. One of the primary motivations for the present
work stems from the fact that the approximate-factorization
(AF) schemes, such as those of Briley and McDonald! and
Beam and Warming,? are unstable for the three-dimensional
wave equation and for the Euler equations of gasdynamics.?
This led to an investigation of LU methods with emphasis on
the strongly implicit procedure (SIP) of Stone* as a way of
providing both a stable and an efficient method for the solu-
tion of the compressible Navier-Stokes (CNS) equations. LU
methods are those where the coefficient matrix is factored into
lower and upper triangular matrices. The stability of one type
of LU method for hyperbolic equations in any number of
dimensions was demonstrated by Jameson and Turkel.’ More-
over, in three dimensions, LU methods require two sweeps
through the mesh as opposed to the three sweeps of an
alternating-direction implicit (ADI) algorithm.

To date, LU methods have not been applied to problems
requiring the solution of the CNS equations in two dimen-
sions, such as problems involving shock wave/boundary-
layer interactions. Because of this, it was felt that this in-
vestigation should concentrate on such problems and limit
the three-dimensional application to a model problem.

A variety of LU methods, including those of Ref. 5, were
examined in conjunction with the CNS equations. Our
results indicated that although such methods may be made
unconditionally stable, their convergence is slow relative to
the two-dimensional Beam and Warming algorithm.? In an
effort to determine an LU scheme that is stable in three
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dimensions and competitive with the Beam and Warming
algorithm in two dimensions, the SIP of Stone* was exam-
ined. This procedure has been applied to the incompressible,
two-dimensional Navier-Stokes equations in the coupled
vorticity-stream function form® and in primitive variable
form,” and to the CNS equations in a velocity decomposed
form.® It has also been applied to the compressible potential
equation.®!® The method has the major drawback of a large
storage requirement arising from the recursion relationships
inherent in the method.

One of the objectives of this work is to demonstrate that
the SIP of Ref. 4 yields a competitive algorithm for the solu-
tion of the CNS equations in two dimensions. Another ob-
jective is to examine the performance of SIP on a model
hyperbolic problem in three dimensions.

The method was applied to a number of problems involv-
ing shock wave/boundary-layer interactions for both laminar
and turbulent flows. Comparisons with other methods and
with experiment indicate that the method developed here is
suited for calculating complex laminar and turbulent flow.

Formulation of the Problem
Governing Equations
The dimensionless strong conservation law form of the

two-dimensional CNS equations in generalized coordinates
can be written as

aq* + aE* N dF* —Re-! (aR* +£> )
dr  0¢ a1 3¢ an
where
a*=q/J, g=1lp, pu, pv, e]’
E*=(§qg+EE+E )/, F*=(nq+nE+n,F)/J
R*=(§,R+£,8)/J, S*=(nR+4,8)/J
J=Em, — £, (2

The various quantities appearing in Eq. (2) are defined in
Ref. 11. For the sake of simplicity of notation, the asterisk
appearing in Eq. (1) will be dropped at this point.
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Any quantity G(g)"*! can be written as

n

8G
G =G(@)"+—
q

Ag; Ag=q""'—g" 3)

where n designates the iteration level. Using. Eq. (3) and
employing either Euler or trapezoidal temporal differencing,
the delta form of Eq. (1) can be written as

{I+h[8;A+6,B—R;'(6:J 'N+6, J'M)]}Aq
= —At[6,E+ 8, F-R;'(6,R+6,5)1"
—a hJ T (VA2 +(A, V)21, “
where

dE oF oOR 0S8
A,B,M,N= . , (5)
dg ~ dq 0dq  dq

s

and h=At or At/2 for first- or second-order time differenc-
ing. In addition, for the convection terms, &, and g, are
second-order central difference operators while A and Vv are
the one-sided forward and backward difference operators.
The viscous terms are central-differenced in the usual man-
ner.!' The last term in Eq. (4) represents a fourth-order ex-
plicit dissipation term and is added to control the high-
frequency waves associated with the difference scheme; «, is
an explicit smoothing parameter.

If implicit smoothing terms are used, they are added to the
left-hand side of Eq. (4) in the form

—a RV A+ V,A,) A g (6)

where «; is an implicit smoothing parameter. Note that the
implicit smoothing terms do not affect the steady-state ac-
curacy of the results. On the other hand, the explicit
smoothing terms are of higher order and, as such, do not af-
fect the formal accuracy of the method.

The three-dimensional linear wave equation considered
here had the form

ou ou du ou
+ +b +c—=0 7
ot “ ax ay ¢ 0z M

where a, b, and ¢ are scalar coefficients. The particular co-
efficients and the boundary conditions employed are given in
Ref. 3.

Method of Solution

The finite difference representation of Eq. (4) can be writ-
ten as

;A D AG € AG

+d i G €A ki =R ®

where j and k denote spatial indices, a,b,¢,d, and e are 4x 4
matrices, and R represents the complete right-hand side of
Eq. (4). It should be pointed out that five-point molecules,
such as the one indicated in Eq. (8), can be arrived at by
other forms of discretization. As an example, flux-vector
splitting with appropriate one-sided differencing would yield
the same molecule. The use of first-order differencing to
generate the left-hand side of Eq. (8) does not preclude the
use of second-order one-sided differencing to generate the
right-hand side of Eq. (8) and thus maintain the second-
order accuracy of the solution. All results presented here are
based on central differencing.
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For convenience in describing the SIP, Eq. (8) can be writ-
ten in matrix notation as

QAg=R ©)
It is well known that for large sets of equations, an exact
decomposition of Q is not efficient. In the strongly implicit

procedure, one seeks an approximate decomposition of Q
such that

O=LU (10)
where the LU matrices are sparse lower and upper triangular
matrices, respectively. Substitution of Eq. (10) into Eq. (9)
results in

[LUlAg=R an

which is implemented by the sequence

LV=R (12)
UAg=V 13)
q""'=q"+Aq (14)

The elements of the L and U matrices are given in Appendix
A.

Storage Requirements

As may be seen from Appendix A, for the general case
where a#0, one would have to store the large arrays d,,
and é;,. Each of these arrays have the dimension (/,K,4,4),
where J and K represent the number of interior mesh points
in each coordinate direction. Thus, these two arrays require
8 times the storage of the dependent variables Ag. In three
dimensions, one has three large arrays of dimension
(I,J,K,5,5) and, consequently, require 15 times the storage of
the dependent variables.

For the special case where a=0, Eq. (Al) can be
multiplied by ¢;, to yield

éj,kAQj,k + dj,kqu+ 1kt € DG = 6j,k Vik (15)

This eliminates the need of storing two large arrays since d; ;
and e; , are known. Thus, only ¢;, needs to be stored. The
same is true in three-dimensions, i.e., only one large array
needs to be stored instead of three.

Boundary Conditions

At the wall, a no-slip condition is employed, together with
the requirement that the normal derivative of the pressure is
zero. Most of the results presented here assumed adiabatic
wall conditions. Thus,

d oT
9P _ % 4 ata wall (16)
on on

u=v=0,
when 7 indicates the normal direction. Note that the last two
conditions imply, for a perfect gas, that dp/dn=0 at the
wall.
When the flow conditions at the upstream boundary are
supersonic, one sets
Ag=0 17)

On the other hand, for subsonic conditions at the upstream
boundary (for the problems considered here), P, and 7, are
assumed given, v=0, and the pressure is determined by
extrapolation. For subsonic conditions at the downstream
boundary, the pressure is assumed given and the remaining
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Fig. 1 Spatial convergence of SIP for the three-dimensional wave
equation.
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Fig. 2 Effect of Courant number on convergence of SIP for the
three-dimensional wave equation.

flow properties are determined by extrapolation. Extrapola-
tion is employed when supersonic conditions exist at the
downstream boundary.

All boundary conditions employed here are implemented
implicitly. The simplest procedure for such implementation
is to cast each boundary condition in delta form similar to
that given by Eq. (8). The advantage of casting the boundary
conditions in a form that does not involve more than three
points in any given direction is that it leaves the interior
point scheme unaltered.

Results and Discussion

The algorithms developed here have been applied to model
problems and a variety of fluid flow problems for both
laminar and turbulent flows. Only a few representative
results will be presented here. Because methods that
discretize the residual in an identical manner converge to the
same steady-state solution, if one exists, then their relative
efficiencies can be determined from an examination of their
respective convergence histories. In all problems, the effi-
ciency of the method in converging the problem to steady
state was examined in comparison with the method of Beam
and Warming.? Numerical experience of applying the general
form of SIP, as described in Appendix A, to predominantly
hyperbolic equations indicates that the convergence rate is
almost independent of the value of «. For the two-
dimensional applications, the performance of SIP with a=0

AIAA JOURNAL
500 —
400 -
300
N
200 - 6
3-D, A=10
-O-Nt =16
-0 -O-NI =32
! A1 |
0 2 4 .6

bt
[

Fig. 3 Effect of implicit smoothing parameter on convergence of
SIP for the three-dimensional wave equation.
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Fig. 4 Sketch of supersonic inlet problem.

(hereafter referred to solely as SIP) was quite similar to the
Beam and Warming method.

Since one major potential application of LU methods is in
three dimensions, the solution to the three-dimensional,
steady, wave equation was examined. The details of the
problem are given in Ref. 3. Figure 1 shows the results of ap-
plying the SIP on a sequence of grids (NI is the number of
mesh intervals in one direction). The accuracy of the solution
was measured by computing the maximum error and the
L,-norm of the error between the exact and numerical solu-
tions. The slope of the maximum error is approximately two,
indicating second-order accuracy. Figure 2 shows the
dependence of the SIP convergence rate on the Courant
number, A= At/Ax. For large Courant numbers, the number
of iterations required to reduce the L,-norm of the error to a
fixed tolerance, ¢ (i.e.,lE"I,/IE®l, <¢) becomes a constant
independent of A. This has been observed for Courant
numbers as large as 106, However, for A>2, some form of
implicit damping is required. The effect of the implicit
smoothing parameter «; on the convergence rate is shown in
Fig. 3. As can be seen, the iterative convergence rate of the
method is very sensitive to «; although the steady solution is
independent of this parameter.

In-order to evaluate the iterative performance of SIP in
fluid flow applications, several test problems have been
studied. Results for two of these problems will be discussed.
The first is the supersonic internal flow problem described in
Ref. 12, which involves shock and expansion waves and their
interaction with each other and with the boundary layer,
resulting in the formation of separation bubbles. The
geometry considered is shown in Fig. 4. Figures 5 and 6
show the convergence histories of the total and steady
residuals for SIP compared to the Beam and Warming
method. The total residual is taken to be an L,-norm of the
right-hand side of Eq. (4). This residual contains contribu-
tions from both the steady-state terms and the explicitly
added fourth-order damping terms and thus is a measure of
how Agq tends to zero. The steady-state residual contains only
the terms that satisfy the discretized version of the steady
governing equations. An examination of the figures indicates
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Fig. 5 Comparison of convergence histories (total residual).
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Fig. 6 Comparison of convergence histories (steady residual).

Fig. 7 Pressure contours for a 5-deg wedge angle with an entrance
Mach number of 3.

that the methods have similar convergence histories. For
both methods, the total residual continues to decrease with
continuing iteration while the true steady-state residual flat-
tens out. The difference between the two residuals thus
represents the magnitude of the smoothing terms. Figure 7
shows the pressure contours for the 5-deg wedge and an en-
trance Mach number of 3, while Figs. 8 and 9 present
pressure distributions for the lower and upper surfaces. All
of the results are qualitatively correct and, as expected, com-
pare well with the Beam and Warming method.

The second problem involves the simulation of a com-
pressible, turbulent flow in the terminal shock region of an
inlet/diffuser. Experimental measurements are given in Ref.
13, while Ref. 14 presents the results of a numerical simula-
tion using an AF method. The calculation presented here dif-
fers from that of Ref. 14 in a number of ways. In addition
to the different algorithm and inlet boundary conditions, the
algebraic eddy viscosity model of Baldwin and Lomax!S and
a complete differential energy equation are used here. Fi-
nally, in this study, a simple grid was used that contained 61
equally spaced mesh points in the streamwise direction and
31 points, which were clustered near both walls, in the
transverse direction.
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Fig. 8 Lower wall pressure distribution (5-deg wedge angle).
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Fig. 9 Upper wall pressure distribution (5-deg wedge angle).
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Fig. 10 Experimental and predicted pressure distribution along the
top wall of the diffuser.

The top and bottom wall pressure distributions are com-
pared with the experimental data in Figs. 10 and 11. The
numerical results are seen to compare favorably with the ex-
periment. Mach number contours and dimensionless static
pressure contours are displayed in Figs. 12 and 13, respec-
tively. The results are indicative of the flow phenomenon one
expects to observe for this type of problem and are in good
agreement with the results of Ref. 14,

There is reason to believe that for this type of problem,
cycling o may improve convergence. However, convergence
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histories show that this is not the case. Moreover, the rate of
convergence for problems using the complete Navier-Stokes
equations did not show any significant dependence on ¢;, the
implicit damping coefficient, for the range examined.

The computational time per iteration of the SIP and Beam
and Warming algorithins are approximately equal. In par-
ticular, for the general case of SIP, 16% more CPU time per
iteration was required than for the Beam-Warming
algorithm, and for the special case of o =0, thé increase was
merely 8%. According to Ref. 16, SIP has been found to
converge in fewer iterations than AF for most problems
tested. Consequently, for the range of problems examined, it
can be stated that the total CPU time required to achieve a
fixed tolerance is about the same for the two methods.

The maximum Courant numbers for the flow problems
that have been studied range from 150 for the well-known
shock wave/boundary-layer interaction problem? to approx-
imately 50 for the terminal shock problem.

Concluding Remarks

The class of problems in which shock wave/boundary-
layer interactions are the dominant flow phenomenon re-
quire the solution of the compressible Navier-Stokes equa-
tions. Our experience with the strongly implicit procedure
suggests that it is a viable method for the solution of these
problems and others involving separated flows. Although the
applications to three dimensions were limited to the wave
equation, it is felt that the method has potential for ana-
lyzing complex three-dimensional flows.
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Appendix A: Derivation of SIP in Two Dimensions

The recursion relations associated with the general form of
the strongly implicit procedure applied to Eq. (8) can be ob-
tained as follows. One seeks a solution to Eq. (8) in the form

Agj i+ éfj,kqu+ kTG =V (A1)

Writing Eq. (A1) at j— 1,k and j,k—1 yields
qu—l,k =V,_1x _Cij—l,kqu,k —éjvl,kAQj-l,kJrl (A2)
AGii1=Vig_1— Aj,k—lAQj+l,k—1 “éj,k—JAQj,k (A3)

If one substitutes Eq. (A2) and (A3) into Eq. (8), additional
contributions to the solution at the mesh point j, 4, will ap-
pear from the j—1, k+1 and j+ 1, k—1 mesh points. In
order to account partially for these additional contributions,
Stone’ suggests approximating their influence in terms of the
dependent variables at the five mesh locations in Eq. (8) with
the result

AGj i1 =a(—Ag; +AG; 1k +AG; 1) (A4)

and

Agj_ g1 =a(—AG;+Ag; y x+AG, 1) (AS)

where « is an iteration parameter in the range [0,1]. The
left-hand side is modified to account for these terms. One
obtains

DG+ DA+ AG
+d; 1 AG 1kt € AG k1 TS (AL gy
—a(—Ag +AG L+ AG )] 8
X [AG;_ype1—al{ —AG +AG;_y +AG, x 1 1)] :Rj

.k
(A6)

where f;, and g;, will be determined from the decomposi-
tion. It should be noted that Eq. (A6) is the equation that is
actually solved by LU decomposition instead of Eq. (8).
Substituting Eq. (A2) and (A3) into Eq. (A6) and equating
coefficients with Eq. (A1) yields

Sik :dj,kdij,k—l (A7)
8k =bxé 1 (A8)
Gp=a;;~af;; (A9)
bix=bjx—ag (A10)

Cu=Ciptalfn+8&u) =€ 41— Ej,kjj—l,k (A1D
1= Cd (e —afy) (A12)
€ =Gk (€ —gjp) (A13)

Vie=Cid (R =y Vo = by Vis 1) (Al4)

Equations (Al) and (A7)-(Al4) are the relations needed to

implement the strongly implicit procedure in its general
form.
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Appendix B: Stability Analysis of SIP
for the Three-Dimensional Wave Equation

Application of linear stability theory requires the LU
decomposition to yield an upper triangular matrix whose
diagonal coefficients vary smoothly in space. To show this,
one can begin by seeking a matrix decomposition that yields
a constant coefficient upper triangular matrix and then
determine if this particular matrix factorization is stable in
terms of propagation of roundoff errors in space.

Central differencing of the wave equation

du g ou +b ou te ou
at dx ay 0z

=0 B1)
yields
Aty + NAUp e+ Dl + Bl — Aty
—Augy Ay )= = Nupy e Ugjsnet ke
—Upy, gk T Uy ok~ Uej o )= Ry (B2)
where, without loss of generality,

)\_aAt_ bAt__ CAt B3
T Ax Ay Az (B3)

A solution of Eq. (B2) is sought in the form
Bty p + MAlgy yj o+ Dty o+ AU )=V (BY)

Substituting Eq. (B4) into Eq. (B2) and setting =0, one
finds

LN B+ B e+ B0k 1) 1 Aug i
TAAUp g+ Ay F DU ) =Ry
TNV 1Bl e+ Vi aBite + Viik-1Bik—1) (BS)
Comparing Eq. (B4) and (BS5), one finds
Bk =1H+NB e + Bt vx +Bik-1) (B6)
Viik =Rkt NV, l,j,kﬁf_—ll,j,k + Vi,jq,kB[}-l,k
+Vy k1B be1) (B7)
The upper triangular matrix has constant coefficients on
the off-diagonals. For the case where 8,;, =8, Eq. (B6)
yields
B2—-B-3N2=0 (B8)
which has the solution
B.=[1=(1+12)\%)"]/2 (B9)

In order to determine the propagation of roundoff error in
space, Eq. (B6) can be written as

-1
Beji=1 +££B—3‘—)[5ﬁ11,j,k + Bt 1k T Bk ] (B10)

Setting
6g,j,k=B+€&j’k,etC. (Bll)

substituting into Eq. (B10), and neglecting terms of order €2
and higher, one finds

€= (€1 H€g 16t €pk—1) (1 -B)/(38) (B12)

COMPRESSIBLE NAVIER-STOKES EQUATIONS 11

As is seen from Eq. (B12), in order to prevent roundoff
error from growing from point to point,

I(1-8)/381<1 (B13)

Using Eq. (B9), one can see that the above inequality holds
for any \ using the 3, solution and does not hold using the
B _ solution. Thus, there is a = constant solution (the 8+
root), which results in the decay of the error.

The temporal stability of SIP can now be addressed for
the case where 8 =constant. According to the von Neumann
stability analysis, one assumnes

Ups = E"exp iy +vp +v,2) ] (B14)
Ve =n"expli(yer +7,7 +v42) ] (B15)

Substituting Eqs. (B14) and (B1S5) into Eq. (B7) and using
the definition of R,;, yields

(/&Y' =—B(r—7p)/(B—7) (B16)
where
r=\(ex + e +e"z), 8, =v,Ax, etc. (B17)

and 7 is the complex conjugate of ». Similarly, substituting
Eqgs. (B15) and (B16) into Eq. (B4) and using Eq. (B17) gives

G=¢"'/gn = (87 —vp)/[(B2 ~vi+B(v—7)] (B18)

Because v# is real, |Gl <1 always.

If stability problems arise in this method, the source is
likely to be the growth of the error due to the repeated ap-
plication of the recursion relations as one moves from one
point to another. In this case, the addition of implicit
dissipation will stabilize the scheme. This is supported by the
numerical results obtained here. As was pointed out earlier,
implicit dissipation was required to stabilize the solution of
the wave equation for Courant numbers greater than 2. This
may be contrasted with the fact that for the same test prob-
lem and the same temporal advancement scheme, the spa-
tially split schemes will not yield a solution at moderate to
high Courant numbers for any amount of implicit
dissipation.
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